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Introduction

These notes are for the time being innformal documents. They are simply a help for the
mathematicians who follow the series of lectures. In particular, there is neither references nor
credits. The notes are supposed to follow essentially the material exposed during the lectures.

The purpose on this series of lectures is first to introduce the audience to the analysis on
the Heisenberg group and in particular to Fourier analysis on it. The Heisenberg group is the
simplest example of non compact non commutative Lie group. We face some difficulties due
to the non commutativity of the group and in particular the fact that the Laplace operator
is not elliptic but only sub-elliptic.

Chapter 1 is a short introduction analysis on the Heisenberg group. The study is a quite
detailled way the Laplace operator.

Chapter 2 studies in full detailled the properties on the Schrodinger representation used
as a substitute of characters in the commutative case. In fact, we study essentially its matrix
in an appropriated orthonormal basis.

Chapter 3 introduces a metric space which plays the role of the frequency space in the case
of R%. It appears as the completion as of the set IN?? xR \ {0} for an appropriated distance.

Chapter 4 defined the notion of Fourier transform in the Heisenberg group which apperas
as function on the frequency space. The characterize the range of the Schwartz class by the
Fourier transform.

Chapter 5 introduces the notion of tempered distributions on the frequency space which
allows to define the Fourier transform for tempered distribution on the Heisenberg group. As
a conclusion we give some examples of computations of Fourier transform of some tempered
distribution on H?, in particular the Fourier transform of functions that does not depend on
the vertical variable.






Chapter 1

Analysis on the Heisenberg group:
an short introduction

Introduction

This chapter is devoted to present briefly some basic fact about the Heisenberg group H?
which is R%%*! equipped with a non commutative product law.

In the first section, we determine the basic object to make analysis:
— the dilation which gives the right idea of what scaling and dimension are,
— invariant measure, which allows to define convolution,

— left invariant vector fields which gives the relevant differential structure and in particular
allows to define a Laplace operator.

The second section is devoted to the study of the Laplace operator; we prove in particular
that it is self-adjoint and that its spectrum is the non negative real line. We conclude by
exhibiting different systems of semi-norms on the Schwarz space on R2?*! which are related
to the structure of the Heisenberg group and are equivalent to the classical system associted
with the structure of R4+,

1.1 Basic definitions

Let T*R? = R? x (RY)* be the cotangent space of RY. We shall denote by X = (z,&) (or
sometimes Y = (y,7)) a generic point of T*R¢ and (¢,z) will designate the value of the
one-form £ when applied to x.

On the space T*R?, it is natural to introduce symplectic forms and, more generally, sym-
plectic geometry. This is the goal of the following definition.

Definition 1.1.1. We define the symplectic form o on T*R? to be

o(X,Y) Ee,y) — (n,2).

Proposition 1.1.1. The bilinear form o is skew-symmetric and non degenerate in the sense
that
(VY € T*RY, 0(X,Y) =0) <= X =0.
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Proof. The fact that o(X,Y) = —o(Y, X) is obvious. Next, if for any element Y of T*R¢ we
have o(X,Y) = 0, then it is in particular the case for Y = (y,0) and Y = (0, 7). Therefore

V(y,n) € T"RY, (&,y) = (n,2) =0.
This implies that x =0 and £ = 0. |
Now let us introduce the Heisenberg group HE.

Definition 1.1.2. We call Heisenberg group the set H? equipped with the product law
w-w CI:ef(X+X’,s+ s +20(X, X)) = (z+2", £+ ¢, s+ +2(¢ ) —2(¢,2)).
where w = (X, 5) = (x,&,5) and w' = (X',s') = (2/,€,s') are generic elements of H.

The law is obiously a group law. Let us notice that the inverse of w for the law - is —w.

Now let us define dilation on the Heisenberg group. Dilation are in fact diagonal linear
operator (for the linear structure of H? seen as R?¥*!. We want these dilations d, to be
compatible with the product law in the sense that

Sa(w - w') = 64(w) - §a(w').
This impose that, for positive real number a
6a(X,5) = (aX,a’s). (1.1)

Let us remark that the determinant of d, (seen as a linear map on R2%+1) is ¢??+2, This leads
to the following defintion

Definition 1.1.3. We call homogeneous dimension of H and denote it by Q the integer 2d+2.

Let us interest to the notion of distance on HY. The Heisenberg group may be endowed
with the Euclidean distance d. inherited from R??*!. However, in most applications related
to H?, this distance d, is not appropriate because it is not left invariant in the sense that if 7,
is the left translation 7, defined by

Tw(w') € w - o (1.2)

we do not have d, (7, (w'), 7w (w")) = de(w’, w"). Tt is neither homogeneous with respect to the
dilations introduced in (1.1), namely d¢(dq(w), d(w’) is not equal to d.(w,w’). Let us define
a distance dp which is homogenous in the sense that

du (04 (w), 6o (w')) = adp(w, w').
Definition 1.1.4. We define

dp(w - w') dzefp(uf1 ~w')  with d:efp(X, s) dzef(|X|4 —1—32)i = | | X |2 iz’s‘%.

Proposition 1.1.2. The function d defined by (1.1.4) is a distance on H® which is

— homogeneous of degree 1:
Va > 0, Y(w,w') € H? x H?, d(6,w,6,w') = ad(w,w'); (1.3)
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— invariant by left translation:

V(w,w', ) € (H3, d (0 w,w-w') =dw,w). (1.4)
Proof. Left invariance and homogeneity properties being obvious, let us concentrate on the
triangle inequality. As

dy(wy, wa) = p(w; 'wa) = p(wy wzwy wy)
the proof of the triangle inequality reduces to the proof of

Y(w,w') e HY x HY, p(w - w') < p(w) + p(w'). (1.5)

We observe that

PPlw-w) = p2(X + X' s+5 +20(X,X))
= [IX+X'P+i(s+ s +20(X,X")|

As | X + X2 = | X|?+2(X - X) 4+ | X'|?, we get that

prw-w') = |(IX]* +is) + (| X' + i) + 2(X - X') + 2i0(X, X)].
The triangle inequality for complex number implies that

P(w-w') < pw) + p2(w) + 2|(X - X)| + 20o(X, X1).
As we have
(X X) +io(X, X)) < (X X)] +]o(X, X))

<zl |2’ + [E11ET + (€] 2] + 1] |
< IXIX] < pw)p(w)

we get Inequality (1.5) and thus the result is proved. O

Let us point out that this distance dp; is uniformely equivalent to the euclidian distance
denoted by d.. More precisely we have

Proposition 1.1.3. We have, for any (w,w') in H? x H¢,
1
da(w,w') < de(w,w') +min{(X), (X')}dZ (w,w’) and
de(w,w') < dp(w,w) +2min{(X), (| X'|¢) }du(w, w").
Proof. Using that o(X, X”)

diy (w, w')

Il
)

(X, X' — X), let us write that

X — X')?+|s — s’ — 20(X, X))

X = X'+ s — 8| + 2|0 (X, X)|

X — X')? + |s — /| + 2| X|de(X — X).

IA A IA

Using that /(1 +2) <1+ g for non negative x we infer the first inequality by symmetry. To

prove the second one, let us write that
s —§'| <|s— 5 —20(X, X")| +2|0(X, X' — X)| < du(w,w)* +2|X||X — X|.
Thus, we infer that
de(w,w') < dp(w,w')? 4+ 2| X||X — X'| + 2(X)dp (w, w")

and again conclude the proof by symmetry. O



Once we have a left invariant distance, it is natural to look for a left invariant measure.
A general result claims that it exists for any locally compact group, such a measure exists
and moreover it is unique up to a normalization constant. Here once we observe that the
translation 7, (which is a linear map on R preserves the Lebesgue measure because its
determinant is 1, we conclude that the Lebesgue measure is the left invariant measure on H¢.

Once we have a left invariant measure, we can define the convolution of two integrable
functions.

Definition 1.1.5. For any two functions f and g of L', we define the convolution product f*g
of f and g by

frgw)E [ fw-og@)dv= [ @) w)do.
H H

Let us first write the convolution in a more detailled way. By definition of the product, we
have

fxg(Y,s) = / JY =Y s =5 —=20(Y,Y")g(Y' s)dY'ds'
He
(1.6)
= [ fY, (Y =Y, s—s +20(Y,Y"))dY"ds.
]Hd

As in the Euclidean case, the convolution product is an associative binary operation on the
set, of integrable functions. However, it is no longer commutative. Although the convolution
product is non-commutative on H? the following Young inequalities are available:

1 1 1
Nfxgllzr < | fllzellgllLe, whenever 1 <p,q,r < oo and ;:154—6—1. (1.7)

For a proof of this very classical result, we refer for instance to Chapter 1 of the book by H.
Bahouri, J.-Y. Chemin and R. Danchin: Fourier Analysis and Nonlinear Partial Differential
Equations, Grundlehren der mathematischen Wissenshaften, 343, Springer, 2011.

The following approximation of identity result will provide us with an explicit device to
approximate LP functions with finite p, by smooth functions.

Lemma 1.1.1. Let x be a function of D(R) such that

[ xtptw) dw =1, (1)
]Hd
For € > 0, we denote by x. the function
Xs(w) = EX(p(as—lw))'
Then we have for any p in [1, 00| and function u in LP,
limy.xu=lmu*xyx.=u in I*.
e—0 e—0

Proof. Because of Young’s inequality (1.7), it is enough to prove the result for u in C.(TH¢)
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which is dense in LP for finite p. Let us write that, by virtue of (1.8),

(ex)(w) =~ ulw) = [ (o) (ulo - w) = uw) do
= [ o) (w07 ) = uw)) o,

(u A xe)(w) — u(w)

Il
o —

) (u(w - v — u(w)) xe(v) dv
H

[ XD (7)) = ) dos
H

Because x is compactly supported, and u is continuous and compactly supported, we get the
result. O

As in the classical Euclidean space, one may establish refined Young inequalities Inequal-
ity (refined Young) involving weak Lebesgue spaces defined as follows :

Definition 1.1.6. For any q in [1, +o0| the weak L space Lz, stands for the set of measurable

functions g over H® such that

¢, sup A9 (g] > A
91 gaa) = 512 (9] > N)| < o0

Remark 1.1.1. Let us point out that, since
Mgl > N < [ gt dw < gl g (19)
(lgl>X)
any function in LY(H?) is also in LL(H?) (with continuous embedding).

Theorem 1.1.1. Let (p,q,7) be in |1,00[* and satisfy (1.7). A constant C exists such that,
for any f in LP(H?%) and any function g in LY the function f % g belongs to L" and satisfies

1f % gller < Cllfllzellgllze,-

The proof is made in details for instance in Chapter 1 of the previously cited book.
Theorem 1.1.1 readily implies the following Hardy-Littlewood-Sobolev inequalities on H:

Theorem 1.1.2. Let a in ]0, N[, where N = 2d + 2 is the homogeneous dimension of H%

and (p,r) in |1, 00[? satisfy
1

@1y (1.10)
r

1—|—
p N

Then a constant C exists such that
o™ % fllzr < Cl[fl -
Proof. We can write that
_ _1
{w/ p~*(w) > A} = {w/ plw) < A7¢}.
Given (1.3), we thus deduce that

Ao {w/ p~*(w) > )\}‘ =|{w/ p~*(w) > 1}|

N
Therefore p~ belongs to L and the desired convolution inequality readily stems from The-
orem 1.1.1. O
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It is now natural to search for the left invariant vector fields. which will play the same role
as constant coefficients vector fields in the Euclidean case.

Definition 1.1.7. A vector field X on H? is left invariant if it commutes with any left

. def .
translation 7, (w') € w - w’ which means

Vwe HY, Ve CHHY), (X - floty =X (f o).

Proposition 1.1.4. The set of left invariant vector fields on H? is the 2d + 1 vectorial space
generated by

x %o, +260,, 2 €0, — 22,0, and S, forjin {1, ,d}.

Proof. Let us fix some C'(R2?*1) (which means for the classical notion on C' functions) real
valued function f on H?. Written in terms of the differential of f, Definition 1.1.7 recasts in

Yw € HY, (Df-X)or, = D(for,)-X.
Because the map 7, is linear, the chain rule implies that
Y(w,w') € H x HY, Df(w-w') - X(w-w') = Df(w-w') o D7y - X(w').

As this identity must be satisfied for any function f, this gives in particular, choosing w’ = 0,
that
Yw € HY, X(w) = D7, X(0). (1.11)

By definition of 7, ' . '
Dry(i,€, 8) = (&, &, + 2(&, &) — 2(§, 7)),
which implies that

D7y -0s =S, D1y - 0r; = X; and Dm0y, = Ej.

J

The vector X' (0) writes

d
X(0) = agds + Y _ a;0s, + B0,
j=1
Then using (1.11) gives the expected formula for X' (w). Proving that, conversely, any linear
combination of the vector fields S, X; and Z; is left invariant, is left to the reader. O

Notation. In all that follows, we denote P = (Py,--- ,Pag) with P; def X; and Pjyq def =

for j in {1,...,d}, we set for any multi-index a in {1,...,2d}*:

def
P E Poy ... Pay- (1.12)
Let us study the relation between let invariant derivatives and convolution.

Proposition 1.1.5. If P is a left invariant vector field on H?, then we have for all smooth
functions f and g with sufficient decay at infinity:

P(fxg) = f»(P(9)).

Moreover, if g is even, that is g(w™"') = g(w) for all w in H?, then
P(fxg) = (P(f)) xg-
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Proof. Thanks to the classical differentiation theorem, we have

P(f % g)(w) = /H WPl w))de.

As P is left invariant, we have

which yields the first relation.

In general f x (P(g)) need not be equal to (P(f)) x g. Nevertheless, in the case when g is
even, we have

(PN = [ PH@g w)ie
— [ PH@gte o).
H

An integration by parts and the fact that P is left invariant and divergence free leads to

(P *9)w) == [ )P .
H
As g is even, Pg is odd. Thus we have

—(Pg)(w™"-v) = (Pg)(v™" - w)
and the proposition is proved. O

For a function f, the notation Vi f designates (P1f, -, Paqf).

Let us define the order of a differential operator (with respect to dilations).

Definition 1.1.8. A left invariant differential operator D is said to be order k if for any C*
function on H%, we have

Va >0, D(fod,) =a"(Df)od,.

According to this definition, the operators X; and Z; are first order, and the operator J; is
second order. Let us point out that this notion of order is different from the usual one in R%.

To some extent, it may be compared with the case of the heat operator on R'*¢, where 9, is
‘equivalent’ to two space derivatives, and is thus is of order 2.
A very important fact is that we have
[Xj,Xk] = [Ej,Ek] =0 and [Ek,Xj] = 45j,]€57 (1.13)

where [A, B| 4f 4B~ BA denotes the commutator of the operators A and B. Let us emphasize

that the last relation in (1.13) provides us with an example of a commutator of two differential
operators of order 1, which is of order 2. In other words, in the Heisenberg group framework,
we need not gain an order of differentiation by commutation. This will cause some difficulties
in what follows.
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1.2 The Laplace operator and the Sobolev spaces

The Laplacian associated to the vector fields X; and Z;, namely

d
Ap S (a2 22) (1.14)
j=1

plays a fundamental role in the Heisenberg group. It is the sum of the square of the elements
of the canonical basis of left invariant differential operators of order 1. In terms of the usual
derivatives, this operator writes

d
A]Hf(xa£7 8) = AT*Rdf(x7§7 S) + QZ(Sjax] - .ZUjagj)asf(x,f,S) + 4|X|28§f(X7 8)' (115)
J=1

One can now define Sobolev spaces with integer exponents as follows:

Definition 1.2.1. For any nonnegative integer k, we denote by H*(H?) the subset of func-
tions w in L?(H?) such that for all j in {0,--- ,k} and « in {1,---,2d}, the function P®u
belongs to L*(H?).

Proposition 1.2.1. The space Hk(]Hd) endowed with the inner product

k
(W) geay =Y, D (X%ulX)

J=0 ae{l,-,2d}i

is a Hilbert space, and the space D(H?) of test functions on H? (that is smooth and compactly
supported functions on H?) is dense in H*(H?).

Proof. In order to prove that the space H” (]Hd) is complete, let us consider a Cauchy se-
quence (un)nen of H¥(H?). Then (X%uy)nen is a Cauchy sequence of L?(H?) for any o
in {1,---,2d}’ and any j in {0,--- ,k}, and thus converges to some function u® of L?(H%).
Now, for all test function ¢ in D(H?), one may write that

<onun’ SD> = (_1)|a| <un7 Xagp%
whence, denoting by u the limit of (uy,)pen in L?(H?),

lim (X%, 0) = (—1)1*Nu, X%0) = (XU, )

n——+oo

where (-, -) denotes the classical duality bracket between distribution and test functions. This
means that u® = X®u. Consequently, the sequence (u,)neN converges to u in H*(H?).

In order to prove the density of D(H?) in H*(H?), we mimic the proof of the corresponding
result for Sobolev spaces on R". More concretely, we fix some bump function ¢ in D(R) with
value 1 on [—1,1] and set

Up d:efﬁ(p(én_l')) (Xp-1*u) for n>1,

where the approximation of identity (x:)e>0 has been defined in Lemma 1.1.1.
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Next, we write u, — u = v, + w, with

Ui, def (0(p(0,-1)) = )u and wy, def 0(p(0,-1+)) (xn-1 *u—u).

Leibniz’ rule implies that

|
X, = (0(p(6,-1-)) — 1) X%u + BZ 5%!*5 (0(p(5,-1-)) X7u.
+y=a
B#0

Lebesgue dominated convergence theorem implies that the first term tends to 0 in L2(]Hd),
and it is clear that the sum is O(n~') in L?(H?). Therefore v,, — 0 in L*(H%). Similarly, for
w" we have,

|
Xy, = 0(p(6,-17)) (X1 * X% — X%U) + Z %Xﬁw(p(&n_y)) (Xn-1 * XTu— X 7).
B+y=a "
B#0

According to Lemma 1.1.1, the first term tends to 0 in L2, and, as for v,, the sum is O(n~!)
in L?(H?). As u, is obviously in D(H?), this completes the proof of the density result. O

Theorem 1.2.1. Operator Ay with domain H?(H?) is self-adjoint on L*(H?), and for any u
in H?(H?), we have!
”quqQ(]Hd) ~ HUH%2(1H¢1) + ||AHU||312(]Hd)

Proof. As Ap is symmetric with domain H 2(]Hd), we just have to prove that the domain of
the adjoint operator (Ay)* is H?(H%), that is too say, for any u € L?(H%),

(vo € HAWY), (ulAmv)z2 < Cllol ) = w e H*(EY), (1.16)
By an omitted density argument (use Proposition 1.2.1), it amounts to proving that
Vu € H2HY), Jullge) < C(lul2 + [ Apul2). (1.17)
By integration by parts, we have immediately that
IVgaul7e = —(ulAmu) 2 < [lull 2| Amul| 2. (1.18)

Now we have to control the second order derivatives. This is based on the following lemma
which is is the cornerstone of the theory of subelliptic operators.

Lemma 1.2.1. For « in R, let us define the operator A® acting on smooth functions of H? by

o, def o
A% :e f]R21d+1(|0'| ]:]R2d+1a(§,77,0))

where F2a+1 stands for the standard Fourier transform on R+, Then we have for any u
in D(H?),
12 1 1 2
A%l < o (~Arul)e = 2Vl (119
Moreover, we have
1
I1Sullze < 1 Anullz:. (1.20)

'From now on, we agree that the notation a ~ b means that C~'a < b < Ca for some harmless positive
constant C.
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Proof. As obviously HA%UHL2 = HA_%SuHLg, we get, using the commutation relation (1.13),

d
_1 1, 1. 19 1 1 2
A25u = ZA 2[25, XjJu and thus [[A2ul[7. = 1661;1HA 2[:j,Xj]uHL2.

As A® is symmetric on L? and commutes with A&; and Ej, and as S commutes with &X; and =j,
we get by integration by parts,

_ 1. —_ 11—
IAT3[=5, XlulF: = (85, XlulA™[E), Xjlu)
= —(Xju‘A_l[Ej, Xj]Eju)L2 + (Eju|A_1[Ej, Xj]Xju)L2.

Using that A~![Z;, A;] is a bounded operator on L? the norm of which is less than 4, (it is
indeed the Fourier multiplier 4isg\ in the Fourier space associated to s) we deduce that

1. —_
IA72 (=5, Xjlull72 8[| Xjul 2 [|Zjull L2

<
< A Xullzs + IZ5ul72)-

Thus, because &; and =; are divergence free, we have, by integration by parts

2
1 1
Wil <3Sl
< Zd(—AJHUW)LQ,

which proves 1the first part of the lemma. Now, applying the above inequality with u = Azu.
Using that A2 and Ap commute, we can write

ISulf> = |lAulZ.
1

_4d(

1

ApAzulAzu) ;2
<
Using Cauchy-Schwartz inequality, we get

1
[Sullfe < 45l Amul| 2l Aul| 2.

As [|Sul|2, = ||[Au||3, this proves the second estimate of the lemma. O

Continuation of the proof of Theorem 1.2.1. Completing the proof is essentially algebraic
matter. This is contained in the following lemma.

Lemma 1.2.2. Let us consider two divergence free vector fields 2, and Z, (with real value
coefficients) which both commute with [Z1, Z5]. Then we have

121 Zull2s = I[21, ZulZe + (2] 22u) 2. (1.21)
Proof. Let us write that

1Z2120ull3: = (Z122u|Z129u) 2
= ([Zl,ZQ]ulzlzgu)Lz + (ZQZlU|ZlZQ’LL)L2.

16



From integration by parts with respect to Z, and to Z1, we infer that

1Z2120ull7: = ([21, 2o]ulZ120u) 12 — (Z1u| 2221 Zou) 12
= ([Zl,ZQ]U|ZlZQU)L2 — (Zl'LLHZQ,Zl]ZQU)LQ — (Zlu|31222u)L2
= ([21, Zo)u| 21 2ou) 2 — (Z1u|[ 22, 21] Zou) 2 + (Z3u| Z3u) 12

As Z, commutes with [Z7, Z5], we have by integrations by parts with respect to Z; and Zo,

([Zl, ZQ]’U,‘leQ’U,)L2 — (Zlu\ [ZQ, Zl]ZQU)L2 = ([Zl, Zg]u\legu)Lz + (Zngu| [ZQ, Zl]u)L2
= ([Zl, Zg]u\legu)Lz — (legu| [ZQ, Zl]u)L2

+[[[22, Z1]u] 72
This concludes the proof of the lemma. O

Conclusion of the proof of Theorem 1.2.1. Let us apply this identity to the vector fields &
or Zj involved in the definition of HuH%Q(Hd). In light of the commutation properties pointed
out in (1.13), we get

HW%MM = Y (XXl + IEXul7s + 1XEkulF + 125Ekull?2)
1<j,k<d
< 2d(d—D)|Sullf + D (XPulXPu)re + (S5ul )
1<j,k<d

+ (XPulEfu) 2 + (S5ulERu) 2)
< Qd(d — I)HSUH%Q + ”A]Hu”%g
Applying Inequality (1.20) implies the theorem. O
Lemma 1.2.1 implies immediately the following corollary

Corollary 1.2.1. The space H'(H?) is continuously included in the space L?(R??; H%(R))

and also in the space HEC(IE{MH) .
Proof. The first embedding is simply the translation of Inequality (1.19). Let us write that
Op;u = Xju —2§;0su  and  Jg;u = Eju + 22;05u.
Using again Inequality (1.19), this implies that the functions
—2¢;0su and  2x;05u

belongs locally to H -3 (R2d+1). As the functions Xju and Zju are in LQ(RQdH), the corollary
is proved. O

It is possible to describe the spectrum of the self adjoint operator —Ag. This is the aim
of the following proposition.

Theorem 1.2.2. The spectrum of the self adjoint operator —Ay is the interval [0, 4o00].

Before proving the result, let us recall that in the classical Euclidean case, the Fourier
transform allows to prove very easily this result. Indeed, for any given real number ag, let us
consider a sequence (fp,)nen of S(R™) such that

~ 1
Ifallz =1 and Supp fp C {g eR™/ [|¢] — || < E}'
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As we have —Aeé?) = [¢]2¢167) we get that

@)Y — Afo— a3 fulZe = / (€12 — o)1 Fo (6) [2de
.

1 1\2
n n

This proves that —A — agId]Rn cannot have a continuous inverse and that the spectrum of —A
thus contains the interval [0, +oo[ (the converse being obvious). In fact, the Fourier transform
provides us with a description of the spectral measure.

IN

Proof of Theorem 1.2.2. Note that (1.18) implies that the spectrum of —Ap is included
in [0, +00[. To prove the other inclusion, introduce the following function

o . 15 G C
A (Y,s) — eisre= Y,

which will play an analogous role here as the function  — e &%) in the R" case. We
claim that

—AgO) = 4\dO) (1.22)
which is the analog of —A &%) = |¢[2¢6%), Let us check this formula. We have
X;O) = —2X(y; —in;)©, and thus Xf@)\ =(-2x+ AN? (y; — 2'17j)2) ©, and
Zj0x = —2X(n; +iy;)Ox and thus Z70y = (—2X + 4X\*(n; + iy;)*) Ox,

which obviously gives Formula (1.22). Then for a given function x of D(]0, 00[), let us define
the function Ty from H? to C by

Tx(Y,s) =V2rm 777%]:151 (Xe*'mz).

Using Fourier Plancherel theorem for the Fourier transform on R, we get

ITx17

¢ / Y2(\)e 2PN gy g
T*R4xR

= HX”%P(]R)'
Moreover, Relation (1.22) implies that

ATy =T% with () € andy(). (1.23)

Now for any non negative real number \g, let us consider a sequence (xn)nen of functions
of D(]0, oo[) such that

1
/ X2(A)dx=1 and Supp x, C })\0,)\0 + — [
R n

Then we have that || T, [|2, = 1 and, using Equality (1.23),

I = AuTy, — 42od T, [Fomey = 1T%0-00oxa 72wy
— /16(A—A0)2d2X3(A)dA
R
164>
n2

and thus —Ap —4X\od Idya cannot have a continuous inverse. As the spectrum of a self-adjoint
operator is closed subset of R, the theorem is proved. O
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Let us conclude this section by a theorem which is a generalization of Theorem 1.2.1 and
wich will be useful in the nex section.

Theorem 1.2.3. For any positive integer £, we have
14
1ARulFe < Nl gy < CFll ARl

with Cy = (Cd)* #! for some absolute constant C.

Proof. The left inequality being obvious, let us focus on the proof of the right inequality. We
proceed by induction on £, the case £ = 0 being trivial. So let us now assume that the theorem
holds for some nonnegative integer £. By definition of the Sobolev semi-norms, we have, using
the induction hypothesis,

Hu”?'{zzw(]ﬁd) = Z (HX Xku”Hze HY) + ||Eiju||§‘{2e(]Hd)
1<j,k<d

Il g0y + IEiZ e )
<C Y (IR Xl | AR, Xl 3o+ | AG A Frul 3+ | AGE Sl 3) - (1.24)
1<j,k<d

Now, we have to prove a generalization of Identity (1.21). Let us consider X and ) two diver-
gence free vector fields such that X', ) and Ay commute with [X’, Y]. Omitted computations
lead to

[AGX VU2, = (ARX2u| ALY ) 2 + Z R (1.25)
m=1

where the terms R,,(u) are defined by

Ri(u) % (ALY, VulAGA V),
Ro(u) % (A, V]XulAGAY)
Ry(u) & (y LXu|[Aly, X))
Ri(w) € (AfXul AR, VVu) .
Rs(u) ¥ (1, Al xulYAL ),
Ro(w) = (ARA%l[Y, AfVu) ..
Taking advantage the fact that
[X;, Ap] = —85,S and [Z;, Ag] = 8X;S. (1.26)

and of the fact that A; and Z; commute with S, and using that

0—
(X, Al = > ARG, Ag]A™ ™ for j=1,--- 4,

,_.

m=0
we infer that
/-1
(X, ALy = (Z AR AL 1)5 and  [Z;, AL _8<Z IR N 1)5. (1.27)
m=0
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Thus, if X and ) belong to the family (X})1<j<2q then all the terms R,,(u) may be written
(using (1.13), (1.27), and performing integration by parts as the case may be) as a linear
combination of terms of the type

(Xu|XPSu) 2 with (a,8) € T2 x 7%

Note that there are at most O((£+ 1)?) such terms. Now, by definition of Sobolev norms, we
have for (a, () in Z%+2 x T%,

Al XS 2] < Nl a1 Sl oy
Using Inequality (1.24) and Identity (1.25), we deduce that for some universal constant C,
[l G2 2 ggay < Ce(lAK ullEe + Cd® (€ + 12 [[ull racse gy | Sull prae gay)-
The induction hypothesis implies that
el oo gyay < Ce(lAK ullFe + CCd* (€ + 1)l s ey | AR Sl 12).
As S and Ag commute, we get, using Inequality (1.20)
il gy < C*CRP(E+ DAL w3

and the theorem is proved. O

1.3 Remarks on the Schwartz space on the Heisenberg group

We conclude this chapter with some remarks on the Schwartz space of smooth rapidly de-
creasing functions of H?. The following proposition states that the usual semi-norms on the
Schwartz class and the semi-norms using the structure of H? are equivalent.

Proposition 1.3.1. Let us introduce the notations

def .
(M f)(X, 5) © (X2 — is) £ (X, 9).
Moreover if o is in N'2? we define
w® d:efsa():v?l .. .xgdgi%ﬂrl R 2‘2(1 and Ta| d:ef2a0 +aq -+ agg.

Then the three families of semi-norms defined on S(H?) by

e AR Ve AR
NA(f) TS Jweats|, and
Jal+I8I<k
N %S |aPep)l. and
Jal+18I<k

are all equivalent to the classical semi norm on S(R*4*1).
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Proof. Observe that X7Yw?" is an homogeneous polynomial of degree 4/ —~, and equal to 0 if
the length of v is greater than the length of 4/. Thus, thanks to Leibniz’ rule, we have

A2 wf(w) = > agappw” X7 f(w). (1.28)
Ja|<Ja|-1
187[<161-1

Then an omitted induction implies that
Ci ' Ni(f) < Nk(f) < CrNu(f). (1.29)
Let us observe that Leibniz’ rule implies that, if Toz| + |B| < k, then
P (wf)(w) = w* AP f(w) + Z aa/ﬁ/walél’ﬁlf(w). (1.30)
Tov|+|8|<k—2

As obviously || f]|x is less than or equal to Nok(f), the proof is the fact that the three semi-
norms are equivalent reduces to the proof of

vk € N, 3(Ck, My) / Vf € ST, Ni(f) < Cell £} sgpe- (1.31)

Using an integration by parts, we get
/ W X2 f () X F(w) dw = (— 1) [ ) XP (0 X5 F () duw
e e
Applying (1.28), we get that

[ 1@ @R ) dw = Y o [ )X X Fw) do
'TZ'E‘S'

Thanks to Cauchy-Schwartz inequality and by definition of My, we get, applying Theo-
rem 1.2.3,

S o / w® f(w) X% X F(w)dw S |1+ MES 2 g
Jo’|<2]al
18'1<18]

< Iz + IMEflZ + 1ARFIT2 ey

This proves that the three families of equivalent. In order to prove that there are equivalent
to the classical family, let us observe that as

1 Y

— —_ —_ —_ X —_ —_
S =75 %],0:, =% — 5 (54 - 4F)) and 9y, = Ej+ T (5;4) - 4E))

and, for all j in {1,---,d}, we infer that

1l sgzet1y < Cllfllop s Ere)

def

where Hf||i,S(R2d+1) = Z Hxaagf(x)HiQ(RQdH) which ends the proof of the proposition.

|al+|BI<k
O
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In all that follows, we shall use indistinctly the above three different types of semi-norms,
and the Schwartz class on R24t! (or, equivalently, on ]Hd) will be sometimes just denoted
by S. When we denote S(H¢) we have in mind to use the semi-norm related to the structure
of the Heisenberg group. The only property we have to prove here concerns the convolution
in the sense of the Heisenberg group.

As a conclusion, let us prove a continuity theorem about the convolution which will be
useful when we shall study the Fourier transform of distribution.

Proposition 1.3.2. Let us define L' (]Hd) the space of integrable functions f on H? such that

def
vk e IN, (£l LL(HY) = HMleHLl(JHd

The convolution product on H® is bicontinuous operator from Lk(H?) x S(HY) in the sense
that for any k, a constant C}, and an integer M}, exist such that

1 * 9l sy < Crllfllag, Ly 191 ar, s ey -
Proof. Let us first observe that using Proposition 1.1.5, we have A4 (f x g) = f x A%;g. Then

we have to study the action of MH]?I on the convolution. This is described by the following
lemma.

Lemma 1.3.1. Let us define
+ def . def .
(M), s) = (y; £im;) f(Y,s) and Mof(s) = —isf(Y,s).
Then we have the identities

M(fxg) = (M;f)xg+f*(M;g) and

Mo(f *g) (Mof)x g+ f*(Mog) — Z (M) > (M g) — (M f)* (M g)).
7j=1

Proof. Checking the first formula is obvious. As for the second one, we use that by definition
of the convolution, we have

—is(f *g)(w) = —is /]Hd f(Y =Y s—s =20(Y,Y")g(Y' s)dw'.

From —is = —i(s — s’ — 20(Y,Y")) —is’ — 2io(Y,Y”), we infer that
“is(fro)w) = [ (MH(Y = V'is = =20 Y ))gy ) duf
+ / FY =Y s = =20(Y,Y"))(Mog)(Y',s") du'
]Hd
— / 2i0(Y, Y ) f(Y =Y, s—5 —20(Y,Y"))g(Y',s') du'
]Hd

= ((Mof) % g)(w) + (f * (Mog))(w)
- /}Hd 2i0(Y, Y ) f(Y =Y, s =5 —20(Y,Y"))g(Y',s") du’ .
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The symplectic form o satisfies o(Y’,Y’) = 0. Thus by definition of o
Af)w) [ eV = Vs = s = 20V, Y))g(Y ) du
]Hd

= / 2ic(Y =Y YNF(Y =Y s = —20(Y,Y")g(Y', s) du'
Hd

d
= Z/ (2i(77j — ) f(Y =Y s —s —20(Y,Y"))yg(Y', )
d
j=1"H
— (yj — y;)f(Y —-Y' s—s —20(Y, Y’))Qz’n;g(Y', s')) dw’
By definition of the operator M ji, this gives

M) [ (i = f( = Ys = = 2000 )
— (i =y f(Y =Y s —s —20(Y,Y"))2in;q(Y", 3’)) dw’
= (O = M) % (M + M7 )g) = 3 (M + M) f) % (M = M )g)

= (M f)* (M g)— (M f)*(Mg).

This gives the result.

Conclusion of the proof of Proposition 1.3.2 If we denote, for a in IN?¢+1,
M S MG (M) - (M) (M) (M)
an iterated application of Lemma 1.3.1 implies that

MEAK(Fxg) = D Gaw(MOf)* (M Afjg).
Jo|+o|<2k

Young’s inequality implies that

IMEAH(Fx9). < Ch D IMOFIpllM® Ayg]l 12
Ta|+To¢’|§2k

A

IN

Crllfllg sy 19l s may-

This proves the proposition.
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